A NOTE ON THE g-GENOCCHI NUMBERS AND POLYNOMIALS 
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Abstract. In this paper we discuss the new concept of the ^-extension of Genoc- 
chi numbers and give the some relations between q-Genocchi polynomials and g-Euler 
numbers. 



il. Introduction 



A number given by the generating function 



(!) ~TTT = Y^ Gn ~\- 

e r + 1 n\ 

It satisfies G\ = 1, G$ = G4 = G7 = • • • = 0, and even coefficients are given 
by Gim = 2(1 — 2 2n )i?2n = 2n-E l 2 n -i(0), where B n is a Bernoulli number and 
E n {x) is an Euler polynomial. The first few Genocchi numbers for n = 2,4, ••■ 
are —I, —3, 17, —155, 2073, ■ ■ • . The Euler polynomials are well known as 

2 00 n 

(2) — -e xt = V£n(ih see [I, 3, 7, 8, 9]. 
e l + 1 z — ' nl 

n=0 

By (I) and (2) we easily see that 
(3) 

= g whe.e g) = "("-D- t (n-» + l> , cf . [4 , 5 , 6] . 

For to, n > 1 and to odd, we have 

m— 1 



(4) (n m - n)G m = £ ( ) n fc G fc Z m _ fc 

fc=i ^ ' 



(n-1), 



.ftTey words and phrases, p-adic (/-integrals, Genocchi numbers, q-Genocchi numbers, polynomials, 
sums of powers. 
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where Z m (n) = l m - 2 m + 3 m + (-l) n " 1 n m , see[3]. From (10 we derive 

2f=£((G+l)» + G n )-p 

n=0 

where we use the technique method notation by replacing G m by G m (m > 0), sym- 
bolically. By (5), we see that 



(6) G = 0, (G + l) n -G n = 



2 if n = 1 
if n > 1. 



Let p be a fixed odd prime, and let C p denote the p-adic completion of the algebraic 
closure of Q p (=p-adic number field). For d a fixed positive integer with (p, d) = 1, let 

X = X d = limZ/dp^Z, 

AT 

X* = U (a + dpZ„), 

0<a<dp V ^' 
(o,p) = l 

a + dp N Z p = {x E X\x = a (mod dp n )}, 

where a G Z lies in < a < dp N . 

Ordinary g-calculus is now very well understood from many different point of views. 

— 1 \ 

Let us consider a complex number q G C with \q\ < 1 (or q G C p with |1 — <z| p < p p_1 ) 
as an indeterminate. The g-basic numbers are defined by 

[x] q = = l + q + q 2 + --- + q x ~\ 

and 

[x\- q = 1 + 1 = i-g+g 2 +---+ (-g)'- 1 - 

We say that / is a uniformly differentiable function at a point a G Z p and denote this 
property by / G UD(7i p ), if the difference quotients 

„(„,>- MzM 

have a limit / = /'(a) as (x,y) — > (a, a). 

For / G UD(Z P ), let us start with the expression 



pr E **M)= E fUM+p N %p)i 

[P iq 0<j<p N 0<j<p N 
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representing a (/-analogue of Riemann sums for /, cf. [5]. The integral of / on Z p will 
be denned as limit (n — > oo) of those sums, when it exists. The p-adic (/-integral of 
the function / e UD(Z p ) is defined by 

W) = [ f{x)dn q {x) = lim — L- fWf* ( see t 5 ' 10 ' U > 12 ] )■ 

In the previous paper [4] author constructed the (/-extension of Euler polynomials in 
the fermionic sense of p-adic (/-integral at q = — 1 as follows: 

(7) E njq (x) = / [t + x]qdn- q (t), where H- q {x +p N Z p ) = lim /i q (x + p N Z p ). 

Jz p Q^-Q 

From (7), we note that 

The (/-extension of Genocchi numbers is defined as 

oo oo n 

(9) g* q {t) = [2] q t £(-1) Ve [n] '* = £ G^-, see [4]. 

n=0 n=0 

The following formula is well known in [4, 7]: 

k=0 v 7 

The modified (/-Euler numbers are defined as 

' ^ + +^-( if mo, 

with the usual convention of replacing by see [10]. Thus, we derive the gener- 
ating function of £ n> g as follows: 

oo oo ^ n 



(11) F q (t) = [2] q Y J (-l) k e [k] « t = Y,^-v 

k=0 n=0 

Now we also consider the (/-Euler polynomials £ n ,q( x ) as 

oo oo n 

(12) F q (t,x) = [2} q J2(-^ k e [k+x] ^ = -f 

k=0 n=0 



From (12) we note that 



(13) Zn, q (x) = p (^y itq <f[x]l- l t see [10]. 

In the recent several authors studied the (/-extension of Genocchi numbers and poly- 
nomials (see[ 1, 2, 5, 6, 7, 12]). In this paper we discuss the new concept of the 
(/-extension of Genocchi numbers and give the some relations between (/-Genocchi 
numbers and (/-Euler numbers. 



§2. (/-extension of Genocchi numbers 



In this section we assume that q E C with \q\ < 1. Now we consider the (/-extension 
of Genocchi numbers as follows: 

oo oo , n 

(14) g q (t) = [2} q tJ2(-l) k e [k] ^ = E G ^- 

fc=0 n=0 

In Eq.(14), it is easy to show that lim g _>i g q (t) = = Y.7=o G ™S. - From ( 14 ) we 
derive 



00 im 



j-m ™ ™ j-in 

9q ( t ) = t^B- 1 )* E = [2],E(- 1 ) 6/e E 

lit' lit' 

k=0 m=0 fc=0 m=l 



ml 

k=Q m=0 



= [2],E(- 1 ) fc E ro W- 1 ^- ( 15 ) 

fc=0 

By (15), we easily see that 

(i6) „w = [2],E h E( m r ) ( - i; i +9 i; m !- 

m=0 \ \ Z=0 V 7 y 7 



"' ■- ! " ; ■ ■ 1 / 1 \ | ^ 



From (14) and (16) we note that 

m=0 m=0 \ V H/ 1=0 V y ' 



By comparing the coefficients on both sides in Eq.(17), we have the following theorem: 
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Theorem 1. For m > we have 



r / 1 f m -l\ (-lV 



From Theorem 1, we easily derive the following corollary: 
Corollary 2. For n G N we have 

f Ml tffc-i 

G , g = 0, ( g G + i) fc + G M = <^ 2 i/*- 1 . 

I »/ fc > 1, 

with the usual convention of replacing G % by Gi jQ . 

Remark. We note that Corollary 2 is the (/-extension of Eq.(6). By (10) and 
Corollary 2, we obtain the following theorem: 



Theorem 3. For n E N we have 



q ~ n+1 ■ 



From (12) we derive 



OO r -, OO 

F q (x,t) = [2) q ^(-l)V n+x ^ = ^^e^'' ^(-l^'faM 

n=0 n=0 

n=0 n=0 \fc=0 V 7 / 

By (18), we easily see that 



This formula can be considered as the (/-extension of Eq.(3). Let us consider the 
(/-analogue of Genocchi polynomials as follows: 

oo oo n 

(19) g q (x,t) = [2] q tJ2(-^) k e [k+xUt = J2 G ^)-J- 

k=0 n=0 



Thus, we note that lim^i g q (x, t) = J^e xt = Y,n=o G n(x)^- From Eq.(19), we 
easily derive 

(20) = [2],, (ji-) g ^ ("7 1 ). 

By (19) we also see that 



oo n oo m — 1 oo 

= [2]^^(-l) fc e [ fc+a, ]«* = [2] g t ^(-i)°^(-i) fc e [ fc +^]^M^ 

n=0 n ' fc=0 a=0 fc=0 

= r~rk] — f[m] g t[2] gm f;(-l) fc eH^ + ^] 9 ^ 

- £ fenr 1 E (-!)•««- (^)) £, whe re m 6 N odd. 

n=0 \ 1 iq a=0 V 7 / 

Therefore we obtain the following theorem: 

Theorem 4. Let m(= odd) G N. Then we have the distribution of the q-Genocchi 
polynomials as follows: 

[21 m_1 

Gn, q (x) = ^r L H n q - 1 J2^ aG ^ 

where n is positive integer. 

Theorem 4 will be used to construct the p-adic g-Genocchi measures which will be 
treated in the next section. Let x be a primitive Dirichlet character with a conductor 
d(= odd) E N. Then the generalized g-Genocchi numbers attached to x are defined 
as 

d—l oo n 

(21) g Xtq (t) = [2] q tJ2x(n)(-ire^ = ^G n , x , q ^. 

a=0 n=0 

From (21) we derive 

(22) G n , x , q = l^^r 1 J2(-l) a x(a)G n , qd fy. 
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x + a 



m 



§3. p-adic g-Genocchi measures 



i 



In this section we assume that q E C p with |1 — q\ p < p~~ so that q x = 
exp(x log q). Let x be a primitive Dirichlet's character with a conductor d(= odd) E N. 
For any positive integers N, k and d(= odd), let fik = ^k,q;G be defined as 

(23) » k (a + dp N Z p ) = (-mdp^j^G^i^). 

By using Theorem 4 and (23), we show that 
p-i 

+ idp N + dp N+1 Z p ) = n k {a + dp N Z p ). 

i=0 

Therefore we obtain the following theorem: 

Theorem 5. Let d be odd positive integer. For any positive integers N, k, and let 
= (J>k,q-,G be defined as 



x 



v k (a+d P »z p ) = (-rndpn^T^G.^i—^). 

Then fi k can be extended to a distribution on X . 
From the definition of \i k and (22) we note that 

X(x)dfi k (x) = Gk, X ,q. 

By (14) and (16), it is not difficult to show that 

(24) G n , q (x) = J2 (f) [x] n q -\ kx G k , q . 

k=o ^ ' 

From (23) and (24) we derive 

(25) d/j,k(a) = lim /J,k(a + dp N Z p ) = k[a]^~ 1 dfi- q (a). 

Therefore we obtain the following corollary: 
Corollary 6. Let k be a posotove integer. Then we have 

Gk, x , q = x(x)d/i k (x) = k x(x)[x] k q ~ l d^- q {x). 
Jx Jx 



Moreover, 



Gk, q = k [x] k q ^n-gix). 
Jx 



Remark. In the recent paper ( see [1]) Cenkci-Can-Kurt have studied g-Genocchi 
numbers and polynomials and p-adic g-Genocchi measures. Our g-Genocchi numbers 
and polynomials to treat in this paper are different their g-Genocchi numbers and 
polynomials. 
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